Landau-level spectroscopy, the optical analysis of electrons in materials subject to a strong magnetic field, is a versatile probe of the electronic band structure and has been successfully used in the identification of novel states of matter such as Dirac electrons, topological materials or Weyl semimetals. The latter arise from a complex interplay between crystal symmetry, spin-orbit interaction and inverse ordering of electronic bands. Here, we report on unusual Landau-level transitions in the monopnictide TaP that decrease in energy with increasing magnetic field. We show that these transitions arise naturally at intermediate energies in time-reversal-invariant Weyl semimetals where the Weyl nodes are formed by a partially gapped nodal-loop in the band structure. We propose a simple theoretical model for electronic bands in these Weyl materials that captures the collected magneto-optical data to great extent. arXiv:1912.07327v1 [cond-mat.mes-hall] 
By now, the existence of Weyl semimetals is wellestablished, both by experimental facts [1] [2] [3] [4] [5] [6] [7] as well as by a solid theoretical basis [8] [9] [10] [11] [12] [13] [14] . These are condensedmatter systems with electronic excitations described by the Weyl equation and lacking the degeneracy with respect to spin. Such conical bands may appear, due to accidental crossing of spin-split electronic bands, in any system with sufficiently strong spin-orbit coupling and with the lack of either space-inversion or time-reversal symmetry.
At present, the family of transition metal monopnictides (TaAs, TaP, NbAs and NbP) is likely the bestknown and experimentally most explored class of Weyl semimetals. These are non-magnetic type-I Weyl materials in which the non-degenerate conical bands appear due to missing space inversion. Numerical simulations [11, [15] [16] [17] [18] [19] indicate that there are two kinds of Weyl nodes nearby the Fermi energy in monopnictides, labeled usually as W 1 and W 2 . The pairs of nodes with opposite chiralities (4 W 1 and 8 W 2 pairs in total) are always oriented perpendicular to the tetragonal axis and distributed close to the boundaries of the first Brillouin zone.
In this work, we propose a theoretical model which allows us to describe the electrical and optical properties of time-reversal-invariant Weyl semimetals. We test the model using a comparison with our magneto-optical experiments on TaP, a well-known Weyl semimetal from the monopnictide family. Our approach goes beyond the common approximation of a conical band [20] [21] [22] [23] [24] and addresses the magneto-optical response due to specific fea-tures necessarily appearing in the band structure -the band extrema due to the inversion and saddle points of merging Weyl cones.
To describe massless excitations in a time-reversalinvariant Weyl semimetal, we start with a simple generic 2×2 Hamiltonian often applied to systems with inverted bands:Ĥ
.
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This Hamiltonian implies the electronic band structure, E(q) = ± [∆ − 2 q 2 /(2M )] 2 + |γ(q)| 2 , characterized by a full electron-hole symmetry. The off-diagonal coupling term γ(q) determines the nature of the described system, e.g., a gapless (γ = 0) and a gapped (γ = const.) nodal-loop semimetal [25] , or a topological insulator, γ(q) = v(q x + iq y ) [26, 27] . In order to find a 3D Weyl semimetal that respects time-reversal symmetry, the coupling term must have the following non-isotropic form:
For a particular choice of parameters, four zero-energy points, E(q w ) = 0, appear at q w = (±q w x , ±q w y , 0). For positive masses, M, m x , m y > 0, their positions may be determined as the crossing points of the circle, ∆ = 2 (q 2
x + q 2 y )/(2M ), with the ellipse, γ 0 = 2 q 2
x /(2m x ) + 2 q 2 y /(2m y ) defined by the diagonal and off-diagonal terms of (1), respectively ( Fig. 1a) .
At the zero-energy points, the conduction and valence bands meet and form four anisotropic, particlehole-symmetric Weyl cones. These cones merge at higher (1) with two pairs of Weyl cones located at q w = (±q w x , ±q w y , 0) and full electron-hole symmetry. Two pairs of saddle points as well as one local extremum at q = 0 (due to the band inversion) appear in the conduction (blue) and valence (red) bands, respectively. energies via two kinds of saddle points (via Lifshitz transitions of collapsing-neck-type [28, 29] ), see Fig. 1b . Importantly, four is the minimal number of nodes needed for a consistent model of a Weyl semimetal that respects time-reversal symmetry. Indeed, the Weyl cones at opposite momenta q w and -q w have the same topological charge, and a second pair of Weyl cones is thus required to ensure the sum of topological charges to be zero. The proposed model thus may be relevant for any time-reversal-invariant 3D Weyl semimetal. In the case of TaP, the q = 0 point may be straightforwardly associated with the Σ point which is a time-reversal point at the edge of the first Brillouin, around which a closelypacked quartet of W 1 nodes is formed in the q z = 0 plane [11, 15] . Later on, this association facilitates our choice of parameters used in simulations.
The simplicity of the proposed model allows us to find analytically the positions and topological charges of the Weyl nodes, as well as of the locations of the saddle points [30] . Simple expressions may also be obtained for the energy of the saddle points E sp
x(y) ) 1/2 along the x (y) axis and of the local conduction and valence band extrema at q = 0, E(0) = ± ∆ 2 + γ 2 0 ( Fig. 1b ). Furthermore, one may find the product of the effective velocities v + and v − of the Weyl cones, v 2 eff = |v + v − | = q w x q w y m −1 y − m −1 y /M , which determines the cyclotron frequency of electrons in Weyl nodes, and thus also the spectrum of low-energy Landau levels (LLs) discussed below [30] .
To test the model on our magneto-optical data, let us now introduce a quantizing magnetic field along the z axis in the Hamiltonian (1) . We shall consider only q z = 0 states which dominantly contribute to the magnetooptical response (apart from specific effects related to linearly dispersing n = 0 LLs [20] ). Using the standard Peierls substitution and the representation of ladder operators, a = l B (q x + iq y )/ √ 2, we obtain:
where ω c = eB/M is the cyclotron frequency, γ(a, a † ) stands for γ 0 − (a + a † ) 2 /(m y l 2 B ) − (a − a † ) 2 /(m x l 2 B ), and l B = /(eB) is the magnetic length. Since the search for eigenvalues of Hamiltonian (2) leads to diagonalization of an infinite-size matrix, we limit ourselves to an approximate solution, taking account of the finite number of LLs (N ) and using the correspondingly truncated matrix.
An example of a calculated LL spectrum is presented in Fig. 2a . At low energies, the LLs follow an almost perfect √ B dependence, characteristic for massless charge carriers [31] , and show a fourfold degeneracy. This degeneracy is gradually lifted with increasing B: a pair of doubly degenerate levels clearly emerges and subsequently, a quartet of non-degenerate LLs develops. This splitting occurs when the levels approach the saddle points in the band structure indicated by horizontal dotted lines in Fig. 2a .
In the intermediate energy range, the electron LLs ex- hibit rich (anti)crossing behavior. This happens above the saddle points, but still below the local maximum of the conduction band, indicated by dotted lines in Fig. 2a . This is due to specific conduction-band LLs, which peculiarly disperse towards lower energies with increasing B due to inverted band ordering. In the zero-field limit, they extrapolate to ∆ 2 + γ 2 0 . Due to electron-hole symmetry, an analogous set of LLs, which atypically for holes disperse towards higher energies with increasing B and extrapolate to − ∆ 2 + γ 2 0 , also appears in the valence band. At high and low energies, all LLs follow nearly linear-in-B dependence which is dominantly governed by the diagonal terms in the Hamiltonian (2).
Let us now calculate the magneto-optical conductivity using linear-response theory for bulk materials and circularly polarized light:
where G 0 = e 2 /(2π ) is the quantum of conductance, Γ the broadening parameter, andv ± =v x ± iv y are the velocity operators, with v x = ∂Ĥ/∂q x and v y = ∂Ĥ/∂q y . A closer analysis of the matrix elements, m|v ± |n , shows that the response is dominated by transitions following the selection rules n = m ± 1. At the same time, the pronounced anisotropy of the studied system also activates excitations beyond this selection rule which is typical of electron-dipole excitations in isotropic materials, especially, when the final or initial state is nearby the saddle point. The LL occupation follows the Fermi-Dirac distribution f (T = 0 in the calculations below) and the LL indices m and n run over all available initial and final states. Consistently with (2), we consider only states around q z = 0. Therefore, we have replaced the sum over q z in (3) by the integral of the characteristic 1/(E m − E n − ω) 1/2 profile in the joint density of states over the interval of (E m -E n ; E m -E n +Γ).
Thanks to our simulations of conductivity, we may obtain the theoretically expected response in any magnetooptical experiments, such as relative magneto-reflectivity, R B /R 0 , which has been plotted in the form of a falsecolor map in Fig. 2b for the same set of parameters as the LL spectrum in Fig. 2a . This map displays fairly complex behavior, nevertheless, one may still identify three main sets of inter-LL excitations in Fig. 2b : (i) the transitions at low photon energies with √ B, or more generally, sub-linear-in-B dependence, which are related to excitations within the Weyl cones, (ii) the transition between extrema of the inverted bands, which extrapolate to 2 ∆ 2 + γ 2 0 in the zero-field limit and which disperse towards lower energies with increasing B, and (iii) a series of regularly-spaced and linear-in-B excitations at high energies.
Let us now compare the theoretically calculated response with experiments ( Fig. 2c ) performed on the single TaP crystal, prepared by the method described in Refs. 32-34. Our magneto-reflectivity data taken in the Faraday configuration on the (001)-oriented facet: a macroscopic area of the sample of about 4 mm 2 , kept at low temperatures (T = 2 K) in the helium exchange gas and placed in a superconducting solenoid (below 13 T) or resistive (above 13 T) coil, was exposed to the radiation of a globar or mercury lamp, which was analyzed by a Fourier transform Bruker Vertex 80v spectrometer and delivered via light-pipe optics. The reflected light was detected by a liquid-helium-cooled bolometer placed outside the magnet. The sample reflectivity R B at a given magnetic field B was normalized by the sample's reflectivity R 0 measured at B = 0.
Comparing the theoretically expected and experimentally measured response ( Fig. 2b versus 2c) , reasonable semi-quantitative agreement is found. One may identify all three groups of excitations in the experimental data (dotted, dark-color solid and dashed lines in Fig. 2d , respectively). This agreement could be further improved by, e.g., introducing electron-hole asymmetry and higherorder terms to the Hamiltonian (1), nevertheless only at the expense of the model's simplicity.
Another similarity between the experiment and theory is linked to the maximum in the magneto-reflectivity data, which develops around ω ≈ 40 meV. It disperses only weakly with B and thus becomes nearly horizontal in false color-plots in Figs. 2b,c. In the theoretically expected response, this maximum (denoted by a horizontal arrow) appears due to excitations between the saddle points. In the experimental data, however, the interpretation is less straightforward. The zero-field optical data ( Fig. 3) and also the preceding optical study by Kimura et al. [33] , indeed show in this spectral range a dissipative feature interpreted previously as due to excitations between the saddle points. Nevertheless, the position of this feature nearly coincides with the plasma frequency (cf. Figs. 3a, b and c) , which reflects the response due to all free electrons, including topologically trivial pockets. According to classical magneto-plasma theory [36] , the plasma edge in the reflectivity exhibits pronounced , respectively. The overall measurements and analysis procedure of this zero-field data closely followed the one described in Ref. 35. splitting with B and may thus mask effects related to excitations between saddle points.
The globally very good agreement between theory and experiments calls for a more detailed discussion about the positions and energies of Weyl nodes in the complex band structure of TaP. Ab initio calculation suggest that the Fermi level is located close to the W 2 nodes and slightly above the saddle point where W 1 cones merge [11, 16, 18, 19] . Nevertheless, experimentally, the consensus has not yet been fully established [32, 33] . We should also consider that both intrinsic and extrinsic defects may cause a profound variation of the Fermi energy among different TaP crystals [37] . As a matter of fact, the frequencies of Shubnikov-de Haas oscillations [30] , observed on the explored sample slightly differ from fre-quencies reported in preceding magneto-transport studies of TaP [32] .
To justify the choice of the band-structure parameters in our simulations, we assume that those are excitations around W 1 nodes (described by our simplified model) which dominate over the contribution of W 2 nodes and other trivial pockets. The zero-field extrapolation of excitations that disperse to lower energies with increasing B provides us with an estimate of the band inversion: 2 ∆ 2 + γ 2 0 ≈ 2∆ ≈ 73 meV. Such an inversion agrees well with expectations of ab initio studies [19] . The spacing of interband excitations at high energies, δ ω ≈ 2 ω c = 2 eB/M , implies a rough estimate of the diagonal mass: M = 0.25m 0 . The off-diagonal masses, m y = m x /12 = m 0 /4, have been chosen to approach the distances of Weyl nodes obtained in ab initio studies [11] : q w x = 0.4 nm −1 and q w y = 0.2 nm −1 (cf. Fig. 1a ). The velocity parameter v z , relevant in our approximation only for the strength of inter-LL excitations, has been set to 10 5 m/s [18] . The coupling term γ 0 thus remained to be the only free parameter in our model (plausibly, γ 0 < ∆), and for simplicity, the Fermi level has been always kept at E F = 0.
The association of the observed response with the W 1 nodes located around the Σ point (q w ≡ k w − k Σ ) allows us to explain another set of excitations which are relatively weak, but still traceable in the experimental data and which are visualized by light-color solid lines in Fig. 2d . The Σ point at the edge of the Brillouin zone of TaP belongs to the time-reversal-invariant momenta where double (spin) degeneracy of electronics bands is ensured by the Kramer's theorem. This implies the presence of two other electronic bands (not included in our simplified model and not plotted in Fig. 1b ) which touch the conduction and valence bands at q = 0. The additional set of transitions thus may be credibly assigned to interband excitations between such bands.
In summary, we have proposed a simplified band structure model for a non-centrosymmetric Weyl semimetal and compared the theoretical predictions with high field magneto-reflectivity data. In spite of the complexity of the electronic band structure of TaP, our model explains reasonably well, on a semi-quantitative level, our experimental observations. We also find that the unusual series of inter-LL excitations, which sweep towards lower energies with increasing B, is directly related to the band inversion in TaP.
We expect that similar series of excitations may be found also in other time-reversal-invariant Weyl semimetals, and possibly also in a broader class of materials, with inverted bands and weak coupling among them, such as nodal-loop semimetals with a zero or vanishing band gap. On the other hand, this unusual set of inter-LL excitations should not be typical of Weyl semimetals with broken time-reversal symmetry. In these latter systems, the conical bands are formed in pairs and band inversion does not necessarily imply the presence of a well-defined local maximum and minimum in the band structure. Such two cones, when merging via a single saddle point, do not give rise to any sets of Landau levels dispersing negatively with B [38, 39] .
In a broader context, optical excitations with their energy decreasing with B are relatively rare in solidstate systems, but still, a few experimental examples of such behavior exist. Such excitations may reflect specific features in the band structure (rhombohedral fewlayer graphene [40] ) or interaction effects (final-state interaction [41] ). In other cases, but mostly as a single spectral line only, excitations decreasing in energy with the applied magnetic field appear due to spin and/or orbital Zeeman effect of confined electrons (charged defects [42, 43] , quantum dots [44] , confined plasmons [45] ) or due to the recoil effect [46] .
The In the Supplementary Materials provided here we discuss the details of the theoretical calculations and the results of magneto-transport experiments.
DETAILS OF THE LOW-ENERGY MODEL
We consider the Hamiltonian [Eq. (1) in the main text]
(S1) with the coupling term
As mentioned in the main text, the coupling leads to the opening of a gap along the nodal loop in the q x − q y plane at q z = 0 determined by ∆ = 2 q 2 /2M , apart from possible crossing points at q w that satisfy the additional condition for an ellipse γ 0 = 2 q 2 x /2m x + 2 q 2 y /2m y . The particular form of the Hamiltonian seems natural in the case of wave vectors in the vicinity of a time-reversal invariant momentum at q = 0. However, if the origin is centered at an arbitrary point in reciprocal space, there might also be linear terms both on the diagonal and in the off-diagonal elements. These will simply shift the location of the ellipsis and the circle (cf. Fig. 1a in the main text). In the same way, the coupling constant γ 0 can be, in principle, a complex quantity, but we consider it to be a real positive parameter here to simplify the discussions. A possible imaginary part would only shift the plane, which contains the nodal line, in the z-direction by q 0 z = −Im(γ 0 )/ v z and can thus be omitted by a simple redefinition of the origin of the wave vector in the z-direction. However, the real part of γ 0 must have the same sign as the masses m x and m y , which we choose to be positive henceforth, in order to fulfill the ellipse equation. Similarly, we consider also ∆ and M to be positive. One notices that one has four Weyl nodes at q w = (±q w x , ±q w y , 0), in the form of crossing points between the circle and the ellipse, if one of the following two conditions:
is fulfilled. One then finds that the Weyl nodes are located at the coordinates
and
which are indeed real quantities as long as one of the conditions (S3) is satisfied. An expansion around the Weyl node q w = (ξq w x , ξ q w y , 0), in terms of the signs ξ = ± and ξ = ± that label the four different nodes, yields the low-energy Hamiltonian
where k = (k , k z ) is the deviation of the wave vector from the Weyl node, q = q w + k, and where we have defined the velocity vectors as 
The upper indices (1 and 3) here refer to the sequence of Pauli matrices. One notices that the Hamiltonian (S6) is not in its canonical form. This is due to the fact that the isoenergy lines of the Weyl cones (for q z = 0) around the points q w are anisotropic ellipses, but the main axes of these ellipses do not coincide with the q x -and q y -axes. In order to bring the Hamiltonian to its canonical form, one therefore needs to perform a rotation of the coordinate system in the q x − q y plane that amounts to diagonalizing the velocity matrix
the columns of which consist of the velocity vectors (S7). In fact, we are not interested in the actual eigenvalues v + and v − of this matrix but only in their product, which is nothing other than its determinant or equivalently the cross product of the velocity vectors,
The reason to search for the product only is twofold. First, if the magnetic field is applied in the z-direction (as it is the case in our experiments), LL quantization of a Weyl fermion is only sensitive to the product of v + and v − . Indeed, the low-energy LLs of the Weyl nodes below the saddle points around 8 meV [see Fig. 2 (a) in the main text] and for magnetic fields below ∼ 5 T disperse as
where l B = /eB is the magnetic length and v 2 eff = |v + v − | the square of the average Fermi velocity around the Weyl nodes in the q z = 0 plane. Second, the topological (or monopole) charge of a Weyl node is given by the sign of the product of the velocities in the three orthogonal directions
where the global minus sign in the last expression simply reflects the global sign of our Weyl Hamiltonian (S6). One notices that the topological charge of a Weyl node is determined by the product ξξ such that the Weyl nodes related by inversion q → −q around q = 0 have the same charge, as one expects for time-reversal-invariant Weyl semimetals. We finish the discussion of the low-energy model with the evaluation of the saddle points q sp in the dispersion relation. Because of the mirror symmetries around q x = 0 and q y = 0, the saddle points connecting the Weyl nodes at q w are necessarily located along the x-and y-axis. For simplicity, let us consider the conduction band, the valence band being simply related to the former by particle-hole symmetry. Let us consider first q x = 0. The y-component of the saddle-point coordinate can then simply be obtained by searching the minimum of the equation
and is found at
Similarly, one finds, for the saddle points with q y = 0, the x-component q sp
The energies associated with these saddle points are given by
respectively.
MAGNETO-TRANSPORT CHARACTERIZATION OF THE EXPLORED TAP SAMPLE
Magneto-transport measurements were performed on the sample explored optically in the main text for further characterization. As the geometry of the sample was not optimized for transport experiments, electrical contacts were simply deposited in a van der Pauw configuration on the top surface to probe approximately the optically active region.
In Fig. S1 , we report the longitudinal resistance R xx as a function of the magnetic field applied along the [001] direction (c-axis) of the crystal at temperature of T = 1.3 K. The data were symmetrized for positive and negative Fig. S1 ). This is consistent with the multiband nature of TaP [1] [2] [3] . The dominant frequency at F = 18 T is accompanied by secondary peaks at 10, 37, 47, and 70 T. While the frequency observed at 18 T seems to correspond well to the previously reported β hole cross section of the Fermi surface [2] , other frequencies cannot be straightforwardly assigned to the particular pockets. The differences between our sample and the ones reported by Arnold et al. [2] are actually more apparent in the angular-dependent study summarized in Fig. S2 .
In the angle-dependent measurements, the sample was rotated in-situ in the magnetic field, with the angle θ = 0 corresponding to the magnetic field being applied along the [001] direction (c-axis). Figure S2 shows the intensity of the individual frequency components of the FFT signal as a function of θ. Around θ = 0, the frequencies observed in Fig. S1 appear as warmer colors (cyan or green) in the blue background. The frequency around 10 T is only slightly smaller that the α neck orbit identified by Arnold et al. [2] and increases with small values of θ, similar to the main (18 T) frequency. This is characteristic of an almost cylindrical Fermi surface, but both components disappear rather abruptly around θ = 50 deg. The 37 T frequency also increases with θ, nevertheless, no clear signal is observed at higher tilt angles, in particular in the frequency range of 50-160 T, where the δ pocket was clearly observed in Ref. 2. Let us note that we have also performed magneto-transport measurements on a different sample coming from the same growth batch and the obtained results match those of Ref. 2 better. This suggests there exists certain variation of the Fermi surface/energy on the macroscopic scale of the crystal, most likely due to intrinsic and/or extrinsic doping. This was actually already observed in previous studies [4] where non-stoichiometry and the presence of various defects were shown to lead to significant changes of the Fermi level, and correspondingly, of measured frequencies in the quantum-oscillations experiments.
As a matter of fact, the great sensitivity of the Fermi surface parameters, with respect to the Fermi level position, is a direct consequence of the rapidly varying band structure around the W 1 and W 2 Weyl points in TaP. For the studied sample, the measured Fermi surface parameters (and in particular the strong oscillating behavior at F = 18 T) are consistent with the Fermi level lying between the 2 Weyl points W 1 and W 2 , but more precise positioning cannot be extracted from the present sample.
